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1. Introduction
Cable-stayed bridges have become popular because of their aesthetic appearance, structural
efficiency, ease of construction and economic advantage over the past several decades.
However, this kind of bridge is light, flexible and with low inherent damping. Accordingly,
they are sensitive to ambient excitations from seismic, wind and traffic loads. Because the
geometric and dynamic properties of the bridges as well as the characteristics of the excitations
are complicated, it is important to fully understand the system behaviors with reasonable
bridge shapes at each erection stage during construction by the cantilever method, which is
used to provide the necessary information to accurately calculate the dynamic responses of
the bridges under the complex excitations.
A lot of studies on this kind of bridges have been done in the last half century [1-3]. However,
few analytical techniques have been presented for the cable-stayed bridges during erection
stages in construction. To the authors’ best knowledge, a number of papers have investigated
the erection procedure of cable-stayed bridges, focusing primarily on the improvement of
construction technology [4-6], but not for the analytical purpose. Since the initial shape of a
cable-stayed bridge not only reasonably provides the geometric configuration as well as the
prestress distribution of the whole bridge under the weight of the deck-tower system and the
pretension forces in the stay cables, but also definitely ensures the satisfaction of the relation‐
ships for the equilibrium conditions, boundary conditions and architectural design require‐
ments [7-11], it is essential to research the system behaviors with the appropriate initial shapes
of cable-stayed bridges.
The objective of this chapter is to fully understand the system behaviors with the appropriate
initial shapes of cable-stayed bridges at each erection stage during construction by the
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cantilever method. Two computational procedures during erection stages: a forward process
analysis and a backward process analysis, are presented for this reason [10]. On the basis of
the two procedures, a series of initial shape analyses are conducted to investigate the bridge
shapes at each erection stage. Numerical examples based on finite element models of the Kao
Ping Hsi Bridge in Taiwan [12] are developed to validate the two proposed approaches. The
initial shape at each erection stage provides the necessary data for checking and controlling
the real-time erection procedure of a cable-stayed bridge during construction. The designed
shape, i.e., the geometric configuration and the prestress distribution, of the whole bridge can
then be achieved.
2. Finite element formulation
A cable-stayed bridge can be considered as an assembly of a finite number of cable elements
for the stay cables and beam-column elements for both the decks and towers based on the finite
element concepts. A number of assumptions are used in this study: the material is homoge‐
neous and isotropic; the stress-strain relationship of the material remains within the linear
elastic range during the whole nonlinear response; the external forces are displacement
independent; large displacements and large rotations are allowed, but strains are small; each
stay cable is fixed to both the deck and tower at their joints of attachment. Under the above
assumptions, the initial shape analysis of cable-stayed bridges is conducted according to the
system equations with the consideration of geometric nonlinearities.
2.1. Geometric nonlinearities
Three types of geometric nonlinearities: the cable sag, beam-column and large displacement
effects, are considered to reasonably simulate cable-stayed bridges in this study.
A stay cable will sag into a catenary shape because of its weight and tensile force. Such cable
sag effect has to be considered when the stay cable is represented by a single straight cable
element. A stay cable with tensile stiffness is assumed to be perfectly elastic. The compressive,
shear and bending stiffnesses of the stay cable are neglected. The cable sag nonlinearity can
be simulated according to the equivalent modulus of elasticity of the stay cable [13]
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where Ec, Ac and lc are the effective modulus of elasticity, the cross-sectional area and the
horizontal projected length of the stay cable, respectively; w is the weight of the stay cable per
unit length; T  is the tension in the stay cable. The stiffness matrix of a cable element in Figure
1 can be expressed as
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where u1 is the element coordinate for the relative axial deformation; L c is the chord length of
the stay cable.
Figure 1. Cable element.
Large compressive forces in the deck-tower system of a cable-stayed bridge occur due to high
pretension forces in the stay cables. For this reason, the beam-column effect between such
compressive forces and bending moments has to be taken into consideration when beam-
column elements are used to simulate both the decks and towers. Shear strains of a beam-
column element in Figure 2 are negligible according to the Euler-Bernoulli beam theory. u1, u2
and u3 are the element coordinates for the left end rotation, the right end rotation and the
relative axial deformation, respectively. The stiffness matrix of the beam-column element can
be written as
0
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where Eb, Ab, Ib and L b are the modulus of elasticity, the cross-sectional area, the moment of
inertia and the length of the beam-column element, respectively; Cs, Ct  and Rt are the stability
functions representing the interaction between the axial and bending stiffnesses of the beam-
column element [14].
Figure 2. Beam-column element.
Large displacements occur in the deck-tower system due to the large span as well as less weight
of a cable-stayed bridge. Such effect has to be considered when the equilibrium equations are
derived from the deformed position. Under these conditions, the element coordinate uj can be
expressed as a nonlinear function of the system coordinate qα in both Figure 1 and Figure 2,
i.e., uj =uj(qα). By differentiating uj with respect to qα, the first-order and second-order coordi‐
nate transformation coefficients can be individually written as
,jj
ua q
¶= ¶a a
(4)
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(5)
a jα and a jα,β for the stiffness matrices of the cable and beam-column elements can be found in
[7], which are used to develop the tangent system stiffness matrix in Section 2.2.
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2.2. System equations
The system equations in generalized coordinates of a nonlinear finite element model of a cable-
stayed bridge can be derived from the Lagrange’s virtual work principle
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where Sj is the element force vector; Pα is the external force vector; Sj0 is the initial element
force vector; K⇀ j is the external nodal force vector; b⇀ αj  is the basis vector; W⇀ j is the displacement
vector corresponding to K⇀ j ; N  is the number of degrees of freedom; the subscript α denotes
the number of the system coordinate; the subscripts j and k  represent the numbers of the
element coordinates; the superscript j denotes the nodal number; ∑
EL
 represents the summation
over all elements.
Under consideration of three types of geometric nonlinearities mentioned in Section 2.1, KEjk
of a cable element and that of a beam-column element can be determined from Eq. (2) and Eq.
(3), respectively. The former and the latter are individually due to the cable sag effect and the
beam-column effect. uj, a jα and b⇀ αj  are nonlinear functions of qα when the large displacement
effect occurs. K⇀ j can be written as a function of qα if they are displacement dependent forces.
Eq. (6) is a set of simultaneous nonlinear equations. In order to incrementally solve these
equations, the linearized system equations in a small force interval are derived based on the
first-order Taylor series expansion of Eq. (6)
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where Kαβn2  is the tangent system stiffness matrix; Pαnu  is the unbalanced force vector; ΔPαn is
the increment of the external force vector; Δqαn is the increment of the system coordinate vector;
the superscripts n and n + 1 denote the numbers of the force steps; the superscript 2 represents
the second-order iteration matrix.
Kαβn2  in Eq. (11) includes four terms. The first term is the elastic stiffness matrix, while the
second and third terms are the geometric stiffness matrices induced by large displacements.
In addition, the fourth term is the geometric stiffness matrix induced by displacement
dependent forces, which is negligible in this study.
Eq. (10) is a set of simultaneous linear equations in a small force interval, which can be solved
by the Newton-Raphson method [7-11].
2.3. Initial shape analysis
The initial shape of a cable-stayed bridge provides the geometric configuration as well as the
prestress distribution of such bridge under the weight of the deck-tower system and the
pretension forces in the stay cables. The relationships for the equilibrium conditions, boundary
conditions and architectural design requirements have to be achieved for the bridge shape.
Under these conditions, the initial shape analysis of cable-stayed bridges is presented by
considering three types of geometric nonlinearities including the cable sag, beam-column and
large displacement effects.
For the initial shape analysis of a cable-stayed bridge, the weight of the deck-tower system is
considered, whereas the weight of the stay cables is assumed to be negligible. The shape finding
computation is conducted using a two-loop iteration method: an equilibrium iteration and a
shape iteration [7-11]. It can be started with an estimated initial element force, i.e., pretension
force, in the stay cables. By incrementally solving Eq. (10), i.e., the equilibrium iteration, the
equilibrium configuration of the whole bridge under the weight of the deck-tower system can
be obtained based on the reference configuration, i.e., architectural design form, with no
deflection and zero prestress in the deck-tower system.
The bridge configuration satisfies the equilibrium and boundary conditions after the above
equilibrium iteration. However, the architectural design requirements are generally not
achieved due to the fact that large displacements and variable bending moments occur in the
deck-tower system from the large bridge span. Under these conditions, the appropriate initial
shape can be determined by conducting the shape iteration to reduce the displacements as well
as to smooth the bending moments.
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Several control points are selected for insuring that both the deck and tower displacements
achieve the architectural design requirements in the shape iteration
,r
r
q
L £
a e (17)
where qα is the displacement in a certain direction of the control point; Lr is the reference length;
εr  is the convergence tolerance. Each control point is the node intersected by the deck and the
stay cable for checking the deck displacement. qα and Lr represent the vertical displacement of
the control point and the main span length, respectively. Similarly, each node intersected by
the tower and the stay cable, or located on the top of the tower is selected as the control point
for checking the tower displacement. qα and Lr individually denote the horizontal displacement
of the control point and the tower height.
If Eq. (17) is not satisfied, the element axial forces calculated in the previous equilibrium
iteration will be used as the initial element forces in the new equilibrium iteration, and the
corresponding equilibrium configuration of the whole bridge under the weight of the deck-
tower system will be obtained again. The shape iteration will then be repeated until Eq. (17)
is satisfied. Under these conditions, the convergent configuration can be regarded as the initial
shape of the cable-stayed bridge.
3. Initial shape analysis during erection stages
The initial shapes, i.e., the geometric configuration and the prestress distribution, of a cable-
stayed bridge during erection stages provide the essential information for the bridge con‐
struction. According to the cantilever method, two finite element computational procedures:
the forward process analysis and the backward process analysis, are presented for the shape
finding of the bridge at each erection stage during construction.
3.1. Cantilever methods
The cantilever method has been widely used for the girder erection of cable-stayed bridges
with self-anchored cable systems. Such method provides the natural and logical solution for
the construction of large-span cable-stayed bridges during erection stages. New girder
segments are installed and then supported by new stay cables at each erection stage, and the
process keeps going stage-by-stage until the bridge construction is completed. The cantilever
method can be further categorized into the single cantilever method and the double cantilever
method. In the former, the side span girders are erected on temporary supports, while the main
span girders are erected by one-sided free cantilevering until the span center or the anchor
pier on the far end is reached. In the latter, the bridge girders are erected by double-sided free
cantilevering from both sides of the tower toward the main span center and the anchor pier.
Figure 3 illustrates the erection stages of cable-stayed bridges by the single cantilever method,
which is considered in this study. Its concept can also be applied to the double cantilever
method.
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Figure 3. Erection stages of cable-stayed bridges.
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3.2. Forward process analysis
The forward process analysis of cable-stayed bridges during construction by the single
cantilever method is conducted based on the sequence of erection stages in Figure 3. The
geometric configuration and the element forces of a cable-stayed bridge at each erection stage
can therefore be estimated. At erection stages with even number (2, 4, 6), the new girder
segments are installed and the corresponding relatively large vertical displacements and
bending moments of the girders occur due to the lack of the exterior stay cables. While at
erection stages with odd number (3, 5, 7), the new exterior stay cables are installed at the tip
of the new girder segments. Under these conditions, the stay cables are stressed to lift the
girders to a certain elevation, which can keep the desired correct position as well as reduce the
bending moments of the girders. The pretension forces in stay cables and the girder elevation
at each erection stage can be obtained by the initial shape analysis presented in Section 2.3. For
the forward process analysis, the shape iteration has to be performed to keep the girders in a
horizontal position, implying that an upward precamber is allowed during construction. As
illustrated in Figure 4, the shape iteration can be started with an estimated initial cable force
T
◦  by setting the tip displacement of the girder segment under its dead load w and the weight
of the machine equipments W eq to be equal to that resulting from T
◦ , which can be written as
3 8 ,8sin
eqwl WT +=o a (18)
where l  is the length of the girder segment; α is the inclined angle of the stay cable.
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Figure 4. Estimation of initial cable force.
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Figure 5 illustrates the flowchart of the forward process analysis following the actual sequence
of erection stages of cable-stayed bridges during construction. The advantage of the forward
process analysis is that the real-time factors of the bridges, such as creep and shrinkage of
concrete, any alteration in design, etc., can be taken into consideration during construction.
Figure 5. Flowchart of forward process analysis.
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3.3. Backward process analysis
In contrast to the forward process analysis, the backward process analysis of cable-stayed
bridges during construction by the single cantilever method is conducted based on the reverse
sequence of erection stages in Figure 3. The computation is started with the whole bridge at
the first erection stage, i.e., stage 8 in Figure 3. After removing the existing girder segments
and the adjoining stay cables, the system can be remodeled and reanalyzed to estimate the
geometric configuration and the member forces of the bridge at the current erection stages,
i.e., stages 7 to 2 in Figure 3. The computation is continued repeatedly until the final erection
stage, i.e., stage 1 in Figure 3. For the backward process analysis, the initial shape of the whole
bridge has to be obtained first at the first erection stage by the initial shape analysis presented
in Section 2.3. After removing the existing girder segments and the adjoining stay cables, the
geometric configuration and the member forces of the bridge at each erection stage can be
determined anew by solving the static system equations. On the basis of the linearized system
equations from the nonlinear theory, the equilibrium iteration is performed using the Newton-
Raphson method.
Figure 6 illustrates the flowchart of the backward process analysis following the reverse
sequence of erection stages of cable-stayed bridges during construction. The advantage of the
backward process analysis is that the initial shape of a cable-stayed bridge at each erection
stage can be obtained by the equilibrium iteration without the shape iteration. Such initial
shape determined by the equilibrium conditions can be considered as the desired correct
position of the bridge for the next erection stage, in which the girder is precambered upwards.
In other words, the computational efficiency of the backward process analysis without the
shape iteration is better than that of the forward process analysis with the shape iteration. In
contrast, the disadvantage of the backward process analysis is that the real-time factors of the
bridge, such as creep and shrinkage of concrete, any alteration in design, etc., can not be taken
into consideration during construction due to the fact that the computation is performed
backwards from the whole bridge.
4. Numerical examples
As an example, the Kao Ping Hsi Bridge in Figure 7 is taken for the shape finding analysis of
the bridge during the erection procedure using the single cantilever method. This bridge is an
unsymmetrical single-deck cable-stayed bridge with a main span of 330 m and a side span of
184 m. The deck consisting of steel box girders in the main span and concrete box girders in
the side span is supported by 28 stay cables arranged in a central plane originated at the 184
m tall, inverted Y-shaped, concrete tower. More detailed information of the Kao Ping Hsi
Bridge is available in [12].
Figure 7 illustrates the two-dimensional finite element model of the bridge. This model
contains 48 beam-column elements for the deck and tower, 28 cable elements for the stay cables
and 49 nodes. A hinge, roller and fixed supports are used to model the boundary conditions
of the left and right ends of the deck and the tower, respectively, and a rigid joint is employed
to simulate the deck-tower connection. The Kao Ping Hsi Bridge was erected by single
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Figure 6. Flowchart of backward process analysis.
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cantilever method and there are 30 erection stages for constructing the girder of the bridge.
On the basis of the computational procedures during erection stages presented in Section 3,
the whole bridge analysis, forward process analysis and backward process analysis are
conducted in this study.
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Figure 7. Finite element model of the Kao Ping Hsi Bridge.
4.1. Whole bridge analysis
Based on the finite element procedures presented in Section 2.3, the initial shape analysis is
conducted to reasonably provide the geometric configuration of the whole Kao Ping Hsi
Bridge. In Figure 7, nodes 27, 35, 42 and 45 are selected as the control points for checking the
deck vertical displacement, while node 19 is selected as the control point for checking the tower
horizontal displacement. The convergence tolerance εr  is set to 10-4 in this study.
Figure 8 shows the initial shape of the whole Kao Ping Hsi Bridge (solid line), which indicates
that the maximum vertical and horizontal displacements measured from the reference
configuration (dashed line) are 0.033 m at node 42 in the main span of the deck and -0.024 m
at node 8 in the tower, respectively. In addition, Figure 8 illustrates that the overall displace‐
ment obtained by the two-loop iteration method, i.e., the equilibrium and shape iterations, is
relatively smaller than that during the shape iteration (dot-dashed line). Consequently, the
initial shape obtained by the two-loop iteration method can be used to reasonably describe the
geometric configurations of cable-stayed bridges.
Node 42Node 8
Maximum qv =  0.033 m at Node 42 in Main Span
Maximum qh = -0.024 m at Node 8 in Tower
Reference Configuration
During Shape Iteration
Initial Shape
Figure 8. Initial shape of the whole Kao Ping Hsi Bridge.
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4.2. Forward process analysis
According to the forward process analysis of cable-stayed bridges during construction by
the single cantilever method in Section 3.2, the initial shape of the Kao Ping Hsi Bridge at
each erection stage for a total of 30 stages is obtained, as shown in Figure 9. The geomet‐
ric configuration of the bridge and the corresponding vertical displacement of the girder tip
in the main span as well as the element forces of the exterior stay cables are illustrated at
each  erection  stage,  where  NSI  represents  the  number  of  shape  iterations  (SI)  for  the
convergent solution. At erection stages with even number (2, 4, 6,...), the new girder segments
are  installed.  Under  these  conditions,  the  equilibrium position can be  determined anew
without the shape iteration. While at erection stages with odd number (3, 5, 7,...), the new
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Figure 9. Initial shape of the Kao Ping Hsi Bridge at each erection stage based on forward process analysis.
exterior stay cables are installed and stressed. Under these conditions, the new equilibrium
position can be estimated by the shape iteration. The girders can therefore be kept in a hori‐
zontal position and the corresponding bending moments can also be reduced. At stage 30,
the shape iteration has to be conducted to ensure that the designed shape of the whole
bridge for the construction completion is almost identical to that from the whole bridge
analysis. This is because the initial shapes of the bridge at erection stages by the shape itera‐
tion associated with the estimated initial cable forces are not unique. In summary, Figure 9
provides the necessary data for checking and controlling the real-time erection procedure of
the bridge during construction.
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4.3. Backward process analysis
According to the backward process analysis of cable-stayed bridges during construction by
the single cantilever method in Section 3.3, the initial shape of the Kao Ping Hsi Bridge at
each erection stage for a total of 30 stages is obtained, as shown in Figure 10. The geomet‐
ric configuration of the bridge and the corresponding vertical displacement of the girder tip
in the main span as well as the element forces of the exterior stay cables are illustrated at
each erection stage. No shape iteration is needed for the backward process analysis, implying
that the initial shapes of the bridge at erection stages are unique. The computation is started
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0.3337 m
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8896.4 KN
7855.6 KN
9029.0 KN
Stage 6
-0.2034 m
3942.8 KN
0.2616 m
Stage 7
7442.2 KN
0.1458 m
-0.0510 m
5953.9 KN
Stage 1
Stage 2
11073.2 KN
9635.5 KN10761.6 KN
8979.0 KN 5182.2 KN
-0.2797 m
Stage 8
0.2745 m
Stage 9
Stage 10
4785.5 KN12140.7 KN
0.1490 m
9429.7 KN
-0.1599 m
Stage 3
Stage 4
11562.5 KN
Stage 5
 
Figure 10. Initial shape of the Kao Ping Hsi Bridge at each erection stage based on backward process analysis.
with the whole bridge at stage 30. After removing the existing girder segments at erection
stages with odd number (29, 27, 25,...), the upward displacement of the girder tip in the
main span occur, which can be considered as the precamber of the girder for the next erec‐
tion stage. Such precamber can keep the girders in the original designed configuration as
well as reduce the bending moments of the girders. After removing the existing exterior stay
cables at erection stages with even number (28, 26, 24,...), the large downward displacement
of the girder tip in the main span occur and the corresponding bending moments become
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quite large. In summary, Figure 10 provides the necessary data for checking and controlling
the real-time erection procedure of the bridge during construction.
5. Conclusions
The objective of this chapter is to fully understand the system behaviors with the appropriate
initial shapes of cable-stayed bridges at each erection stage during construction by the
cantilever method. Two computational procedures during erection stages: a forward process
analysis and a backward process analysis, are presented for this reason. On the basis of the
two procedures, a series of initial shape analyses are conducted to investigate the bridge shapes
at each erection stage. Numerical examples based on finite element models of the Kao Ping
Hsi Bridge in Taiwan are developed to validate the two proposed approaches. Based on the
numerical analysis in this study, some conclusions are made as follows:
1. Both the forward process analysis and the backward process analysis provide the
necessary data for checking and controlling the real-time erection procedure of a cable-
stayed bridge during construction. The designed shape, i.e., the geometric configuration
and the prestress distribution, of the whole bridge can then be achieved.
2. The advantage of the forward process analysis is that the real-time factors of a cable-stayed
bridge, such as creep and shrinkage of concrete, any alteration in design, etc., can be taken
into consideration during construction. However, the shape iteration at the final erection
stage has to be conducted to ensure that the designed shape of the whole bridge for the
construction completion is almost identical to that from the whole bridge analysis. This
is because the initial shapes of the bridge at erection stages by the shape iteration associ‐
ated with the estimated initial cable forces are not unique.
3. The advantage of the backward process analysis is that the initial shape of a cable-stayed
bridge at each erection stage can be obtained by the equilibrium iteration without the
shape iteration. Such initial shape determined by the equilibrium conditions can be
considered as the desired correct position of the bridge for the next erection stage, in which
the girder is precambered upwards. Under these conditions, the initial shapes of the
bridge at erection stages are unique. In other words, the computational efficiency of the
backward process analysis without the shape iteration is better than that of the forward
process analysis with the shape iteration. In contrast, the disadvantage of the backward
process analysis is that the real-time factors of the bridge, such as creep and shrinkage of
concrete, any alteration in design, etc., can not be taken into consideration during
construction due to the fact that the computation is performed backwards from the whole
bridge.
4. Both the forward process analysis and the backward process analysis of cable-stayed
bridges during construction by the single cantilever method based on the sequence of
erection stages are presented in this study. These concepts can also be applied to the
double cantilever method.
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